We study the effect of spatially dependent mass function over the solution of the Dirac equation The special cases κ = ±1 (l = l = 0, i.e., s-wave), the constant mass and the non-relativistic limits are briefly investigated.
I. INTRODUCTION
Within the framework of the Dirac equation the spin symmetry arises if the magnitude of the attractive scalar potential S(r) and repulsive vector potential are nearly equal, S(r) ∼ V (r) in nuclei (i.e., when the difference potential ∆(r) = V (r) − S(r) = A = constant).
However, the pseudospin symmetry occurs when S(r) ∼ −V (r) are nearly equal (i.e., when the sum potential Σ(r) = V (r) + S(r) = A = constant) [1] [2] [3] . The spin symmetry is relevant for mesons [4] . The pseudospin symmetry concept has been applied to many systems in nuclear physics and related areas [2] [3] [4] [5] [6] [7] . It has also been used to explain features of deformed nuclei [8] , the super-deformation [9] and to establish an effective nuclear shell-model scheme [5, 6, 10] . The pseudospin symmetry introduced in nuclear theory refers to a quasi-degeneracy of the single-nucleon doublets and can be characterized with the non-relativistic quantum numbers (n, l, j = l + 1/2) and (n − 1, l + 2, j = l + 3/2), where n, l and j are the singlenucleon radial, orbital and total angular momentum quantum numbers for a single particle, respectively [5, 6] . The total angular momentum is given as j = l + s, where l = l + 1 is a pseudo-angular momentum and s = 1/2 is a pseudospin angular momentum. In real nuclei, the pseudospin symmetry is only an approximation and the quality of approximation depends on the pseudo-centrifugal potential and pseudospin orbital potential [11] . In ref. [ Some authors have applied the pseudospin symmetry on several physical potentials, such as the harmonic oscillator [12] [13] [14] [15] [16] , the Woods-Saxon potential [17] , the Morse potential [18] [19] [20] , the Hulthén potential [21] , the Eckart potential [22] [23] [24] , the molecular diatomic threeparameter potential [25] , the Pöschl-Teller potential [26] and the Rosen-Morse potential [27] .
On the other hand, the problem of the spatially-dependent effective mass is presenting a growing interest along the last few years [28] [29] [30] [31] . Many authors have used different methods to study the partially exactly solvable and exactly solvable Schrödinger, Klein-Gordon (KG) and Dirac equations in the presence of variable mass having a suitable mass distribution functions in 1D, 3D and/or any arbitrary D-dimensional cases for various type potentials [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . In the context of spatially-dependent mass, we have used and applied a recently proposed approximation scheme [45] for the centrifugal term to find a quasi-exact analytic bound-state solution of the radial KG equation with spatially-dependent effective mass for scalar and vector Hulthén potentials in any arbitrary dimensional space D and orbital angular momentum quantum number l within the framework of the Nikiforov-Uvarov (NU) method [46, 47] . In addition, the s-wave bound state solution of the (1+1)-dimensional KG equation with mass inversely proportional to the distance from the force center for the inversely linear potential was obtained [48] . Two particular cases were studied, the exact spin symmetry when the vector potential and the scalar potential are equal in magnitude S(r) = V (r) and the pseudospin symmetry when the vector potential is equal to the scalar potential in magnitude but not in sign S(r) = −V (r). Very recently, the study of ref. [48] has also been extended by us [49] In the present paper, our aim is to study the exact solution of the spatially dependent Dirac equation with the Coulomb-like field potential for any arbitrary spin-orbit quantum number κ. Under the conditions of the spin symmetry S(r) ∼ V (r) and pseudospin symmetry S(r) ∼ −V (r), we investigate the bound state energy eigenvalues and corresponding upper and lower spinor wave functions in the framework of the NU method. We also show that the spin and pseudo-spin symmetry Dirac solutions can be reduced to the S(r) = V (r) and S(r) = −V (r) Klein-Gordon solutions [49] in the cases of exact spin symmetry limitation ∆(r) = 0 and pseudospin symmetry limitation Σ(r) = 0, respectively. Further, the solutions of the Dirac equation with constant mass can be also generated from the general solution when the constant b in the mass function is set to zero.
The paper is organized as follows. In sect. 2, we outline the NU method. Section 3 is devoted for the analytic bound state solutions of the (3+1)-dimensional Dirac equation with spatially dependent mass function for the quantum system obtained by means of the NU method. The spin symmetry and pseudo-spin symmetry solutions are investigated. In sect.
3, we study the cases κ = ±1 (l = l = 0, s-wave), the constant mass and the non-relativistic limit and compare with other wave equations and models. Finally, the relevant conclusions are given in sect. 4.
II. NU METHOD
The NU method is briefly outlined here and details can be found in ref. [46] . This method was proposed to solve the second-order differential equation of hypergeometric-type:
where σ(r) and σ(r) are polynomials, at most, of second-degree, and τ (r) is a first-degree polynomial. In order to find a particular solution for eq. (1), let us decompose the wave function ψ n (r) as follows:
and use
to reduce eq. (1) to the form
with
where the prime denotes the differentiation with respect to r. One is looking for a family of solutions corresponding to
The y n (r) can be expressed in terms of the Rodrigues relation:
where B n is the normalization constant and the weight function ρ(r) is the solution of the differential equation (3) . The other part of the wave function (2) must satisfy the following logarithmic equation
By defining
one obtains the polynomial
where π(r) is a parameter at most of order 1. The expression under the square root sign in the above equation can be arranged as a polynomial of second order where its discriminant is zero. Hence, an equation for k is being obtained. After solving such an equation, the k values are determined through the NU method.
In this context, we may also derive a parametric generalization from the NU method valid for most potentials under consideration. To do this, we begin by writting the hypergeometric equation in general parametric form as (11) with
where the coefficients c i (i = 1, 2, 3, 4) and the analytic expressions ξ j (j = 1, 2, 3) are calculated for the potential model under consideration. Overmore, comparing eq. (11) with it's counterpart eq. (1), we obtain the analytic polynomials, energy equation and wave functions together with the associated coefficients expressed in general parameteric form in Appendix A.
III. ANALYTIC SOLUTION OF THE DIRAC-COULOMB-LIKE PROBLEM
In spherical coordinates, the spatially-dependent mass Dirac equation for fermionic massive spin-1/2 particles interacting with arbitrary scalar potential S(r) and the timecomponent V (r) of a four-vector potential can be expressed as [27, [50] [51] [52] [53] 
where E is the relativistic energy of the system, m(r) is the spatially-dependent mass of the fermionic particle, p = −i∇ is the momentum operator, and α and β are 4 × 4 Dirac matrices, which have the following forms, respectively [50] [51] [52] [53] 
where I denotes the 2 × 2 identity matrix and σ are three-vector Pauli spin matrices
For a particle in a spherical (central) field, the total angular momentum operator J and the spin-orbit matrix operator K = −β (σ · L + I) commute with the Dirac Hamiltonian, where L is the orbital angular momentum operator. For a given total angular momentum j, the eigenvalues of K are κ = −(j + 1/2) for aligned spin (s 1/2 , p 3/2 , etc.) and κ = j + 1/2 for
The spinor wave functions can be classified according to the radial quantum number n and the spin-orbit quantum number κ and can be written using the Pauli-Dirac representation:
where F nκ (r) and G nκ (r) are the radial wave functions of the upper-and lower-spinor components, respectively, Y l jm (θ, φ) and Y l jm (θ, φ) are the spherical harmonic functions coupled to the total angular momentum j and it's projection m on the z axis. The orbital and pseudo-orbital angular momentum quantum numbers for spin symmetry l and pseudospin symmetry l refer to the upper-and lower-components, respectively. For a given spin-orbit quantum number κ = ±1, ±2, · · · , the orbital angular momentum and pseudo-orbital angular momentum are given by l = |κ + 1/2| − 1/2 and l = |κ − 1/2| − 1/2, respectively.
The quasi-degenerate doublet structure can be expressed in terms of a pseudo-spin angular momentum s = 1/2 and pseudo-orbital angular momentum l which is defined as l = l + 1 for aligned spin j = l − 1/2 and l = l − 1 for unaligned spin j = l + 1/2. For example, (3s 1/2 , 2d 3/2 ) and (3 p 1/2 , 2 p 3/2 ) can be considered as pseudospin doublets.
Substituting eq. (18) into eq. (15), we obtain two radial coupled Dirac equations for the spinor components
where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r) are the difference and sum potentials, respectively. Eliminating G nκ (r) in eq. (19a) and F nκ (r) into eq. (19b), we get two secondorder differential equations for the upper and lower spinor components as
where 
where q v is being a vector dimensionless real parameter coupling constant and c is being a constant with J.f m dimension. Equations (20a) and (20b) can not be solved analytically because of the last term in the equations, we find it convenient to solve the mathematical relation c 2 dm(r)/dr = −dΣ(r)/dr = −dV (r)/dr for the sake of eliminating this term. We find out that mass function should be taken as
with m 0 and m 1 are the integration constant (rest mass of the fermionic particle) and the perturbed mass, respectively. Furthermore, b is the dimensionless real constant to be set In the case of exact spin symmetry S(r) ∼ V (r) (d∆(r)/dr = 0, i.e., ∆(r) = A = constant), eq. (20a) can be approximately written as
where κ = l for κ < 0 and κ = − (l + 1) for κ > 0. The spin symmetric energy eigenvalues depend on n and κ, i.e., E nκ = E(n, κ (κ + 1)). In the last equation, the choice of Σ(r) = 2V (r) → V (r) as mentioned in ref. 
where we have defined
For instance, when A = 0, the following constraint E nl < m 0 c 2 must be fulfilled for bound state solutions. The quantum condition is obtained from the finiteness of the solution at infinity and at the origin point (i.e., F nκ (0) = F nκ (∞) = 0). In order to solve eq. (24) 
Further, inserting these values into eq. (10), we obtain
The discriminant of the square root must be set equal to zero, i.e., 1+4γ+4(k−β)r+4ε 2 nκ r 2 = 0. Hence, we find the following two constants:
In this regard, we can find the possible functions for π(r) as
According to the NU method, one of the four values of the polynomial π(r) is just proper to obtain the bound states because τ (r) has a negative derivative. Therefore, the selected forms of π(r) and k take the following particular values
to obtain
where prime denotes the derivative with respect to r. In addition, after using eqs. (6) and (9) together with the assignments given in eqs. (26), (30) and (31), the following expressions for λ are obtained as
Now, taking λ n = λ, we can solve the above equations to obtain the energy equation for the Coulomb-like potential with spin-symmetry in the Dirac theory,
For spatially-dependent mass case, i.e., b = 0, the bound state solutions of the system are determined by means of the parameters q and b. It is not difficult to conclude that all bound-states appear in pairs, two energy solutions are valid for the particle E p = E + nκ and the second one corresponds to the anti-particle energy E a = E − nκ in the Coulomb-like field. Let us now find the corresponding eigenfunctions for this system. Using eqs. (3) and (8), we find
and further substituting eqs. (26) and (36) into eq. (7), we get
where L α n (x) is the generalized Laguerre polynomials. The relation F nκ (r) = φ(r)y n (r) gives the radial upper spinor wave function:
The above upper-spinor component satisfies the restriction condition for the bound states,
i.e., δ > 0 and ε nκ > 0. Using the normalization condition ∞ 0 u(r) 2 dr = 1 and the orthogonality relation of the generalized Laguerre polynomials
, the normalizing factor N can be found as [57] [58] [59] 
where ε nκ and δ are given in eqs. (25a) and (35), respectively.
On the other hand, it is worth noting that if we take the particular values of the coefficients displayed in Table 1 , then the expressions given in Appendix A can be calculated for eq.
(24) and tested with the ones calculated before in a very simple way.
Let us now study some special cases of much concern to the reader. The following cases are found to be identical with the solution of the spatially-dependent mass and constant mass KG equation for the case spin symmetry case S(r) = V (r) (∆(r) = Σ(r) = 0) [29, 51] .
(1) If we consider the case when S(r) = V (r), i.e., q s = q v = q or A = 0, then eq. (34) can be reduced to the following forms:
and
where B nκ is defined by
Obviously, the bound-state solutions of the particle and anti-particle do exist.
(2) When the mass is constant, i.e., b = 0 (m 1 = 0), we have
which gives
where n and κ signify the usual radial and spin-orbit quantum numbers. The particle has bound state solution whereas anti-particle has continuum solution for all states. Further, the wave functions for particle turn to be
whereas the anti-particle has no wave functions.
(3) When the potential coupling constant is set to q = b/2, the spectrum of the spatiallydependent mass Dirac particle in potential field q s = q v = q is similar to the spectrum of constant mass Dirac particle in the potential fields q s = −q v , that is,
(4) When the potential coupling constant is set to q = b/2, the spectrum of the spatiallydependent mass Dirac particle in potential field q s = −q v is similar to the spectrum of constant mass Dirac particle in the potential fields q s = q v = q, that is,
B. Pseudospin symmetric solution of the Coulomb potential
In the presence of the pseudospin symmetry S(r) ∼ −V (r) (i.e., dΣ(r)/dr = 0, or Σ(r) = A = constant), eq. (20b) can be exactly written as
where the energy eigenvalues E nκ depend only on n and κ, i.e., E nκ = E(n, κ(κ − 1)). We take the difference of the potential as 2V (r) which allows us to compare our final results with the ones calculated for the KG equation derived in ref. [49] . Substituting
together with eq. (22) into the last equation, we obtain a Schrödinger euation for the lower component G nκ (r),
To avoid repetition in the solution of eq. (49), a first inspection for the relationship between the present set of parameters ( ε nκ , β, γ) and the previous set (ε nκ , β, γ) tells us that the negative energy solution for pseudospin symmetry, where S(r) = −V (r), can be obtained directly from those of the positive energy solution above for spin symmetry using the parameter map [50] [51] [52] :
Following the previous results with the above transformations, we finally arrive at the energy equation,
and lower-spinor component wave function,
where
. The finiteness of the above wave functions for the bound states is achieved once η > 0 and ε nκ > 0. Let us investigate the following specific cases of interest.
(1) Considering the case when S(r) = −V (r), i.e., q s = −q v = q or A = 0, then eq. (52) can be reduced to the following forms:
We note that the bound state solutions of the particle and anti-particle are available.
(2) When the mass is constant, i.e., b = 0, then we obtain
and the lower-spinor wave functions:
where κ = 1, 2, 3, · · · , and E nκ < m 0 c 2 .
IV. DISCUSSIONS
In this section, we are going to study two special cases of the energy eigenvalues given by eqs. (34) and (52) . First, let us study s-wave case l = 0 (κ = −1) and l = 0 (κ = 1) case
For constant mass case, if one set A = 0 and b = 0 into eqs. (58) and (59), we obtain for spin and pseudo-spin symmetric Dirac theory,
respectively, which are identical with the s-wave results in ref. [48] for S(r) = V (r) and S(r) = −V (r), respectively. Let us now discuss the non-relativistic limit of the energy eigenvalues and wave functions of our solution for the spatially dependent mass and for the constant mass Schrödinger equation. If we take A = 0 and put 2q → q [12] , i.e., S(r) = V (r) = Σ(r), the non-relativistic limits of energy equation (34) and wave functions (39) under the following transformations E nκ + m 0 c 2 ≈ 2µ/ 2 and E nκ − m 0 c 2 ≈ E nl [27, 50] become
respectively, where .
Furthermore, when mass becomes constant (b = 0), we find the well-known non-relativistic energy spectrum and wave functions of the Coulomb problem, 
which are identical to those given in refs. [60] [61] [62] . are adjusted to some specific values, particularily when q = b/2, the spectra of the mass varying Dirac particle for the case q s = q v (q s = −q v ) turn to become similar to the spectra of the constant mass Dirac particle for the case q s = −q v (q s = q v ), respectively. In the limit of constant mass (b = 0), the solution for the energy eigenvalues and wave functions are reduced to those ones given in literature. Also, when spin-orbit quantum number κ = 0, the problem reduces to s-waves solution as in [48] .
